Abstract. We characterize two types of bar-visibility graphs on the Mobius band (abbreviated "BVGMs"), in which vertices correspond to intervals that are parallel or orthogonal to the axis of the band, depen ding on type, and in which adjacency corresponds to orthogonal visibility of intervals. BVGMs with intervals orthogonal to the axis are shown to be equivalent to the "polar visibility graphs" studied by Hutchinson [7].
Introduction
A bar-visibility graph in the plane (abbreviated BVGp) is a graph having a repre sentation in which vertices correspond to disjoint, horizontal intervals ("bars") in the plane, with two vertices adjacent if and only if there is a vertical band of visibility between their bars, i.e., a non-degenerate rectangle with upper and lower sides contained in the bars representing the two vertices, and intersec ting no other interval representing a vertex. Wismath [14] . and independently, Tamassia and Tollis [lO}, characterized the graphs which can be represented as bar-visibility graphs in the plane as those graphs having a plane embedding with all cutpoints on a single face, and they gave linear-time algorithms to produce a layout of a bar-visibility graph.
Characterizations and algorithms have since been given for bar-visibility on other surfaces. In [12] BVGs on the cylinder (bars parallel to the axis of the cylinder) are considered, and in [111 spherical BVGs (which are equivalent to cylindrical BVGs with bars orthogonal to the axis) are considered. BVGs on the torus are considered in [9] , and BVGs on the projective plane and the Klein bottle are studied in [7) . In this paper we consider BVGs on the Mobius band, primarily with bars parallel to the axis of the band. We generalize the results of [12] to obtain a characterization and a linear-time layout algorithm for these graphs.
P arallel BVGs on the Cylinder
In [12) Tamassia and Tollis characterize graphs having a visibility layout on a cylinder, with bars parallel to the axis of the cylinder, as those graphs which are planar and whose block-cutpoint tree is a caterpillar. We call such a layout a B\'GCP layout. A fundamental feature of their layout is that the underlying rectangle, whose top and bottom sides are identified to form a cylinder, is divided into rows and columns. There is one row for each vertex, and one column for each face of the embedding. Each vertex is represented by a horizontal interval in the appropriate row, and each face by a vertical interval in the appropriate column; edges are non-degenerate rectangles whose upper and lower borders are contained in the intervals corresponding to their endpoints, and whose left and right borders are contained in the intervals corresponding to their incident faces.
Cylindrical embeddings and their BVGCP layouts are easily seen to induce BVGMP embeddings and layouts, as indicated in the following proposition. An example of the induced Mobius embedding and layout is shown in Fig. l • Obtain a layout for a 2-connected graph G with non-cylindrical embedding RE (G) such that GB is also 2-connected, and such that the border of the face L contains 2 or more vertices;
Q
• Obtain a layout for a 2-connected graph G with non-cylindrical embedding RE( G) such that G B is also 2-connected, and such that the border of the face R contains 2 or more vertices;
• Obtain a layout for a 2-connected graph G with non-cylindrical embedding R E ( G) such that G B is I-connected but not 2-connected; • Obtain a layout for an arbitrary graph G with embedding RE(G). The resulting layout on R8 is equivalent to the embedding RE(G). We assume without loss of generality that both half-faces Land R contain one or more vertices, and that one or the other contains two or more vertices (cf.
[2]). Algorithm 1 requires that the left-hand face L contain two or more vertices, so that the source and sink vertices' are, respectively, at the bottom and top of L. If L does not have two vertices on its border, but R does, it is a simple matter " to first reflect the embedding over the vertical center line of the base rectangle, exchanging the roles of Land R. However, when we extend the algorithm to the case in which the base graph Gb is not 2-connected, we want to use the same labels on all faces, regardless of which case each block falls into. Algorithm 1 can easily be modified so that a reflection of the embedding is not required. Details of the algorithm are omitted, but the essential idea is to layout each vertex interval from right to left, using the column labels with subscript I I rather than 
Left(B) (resp., Right(B)) the first (resp., last) external face, in this ordering, that contains on its border some edge or split edge incident with B (such an edge may connect a vertex in B to another not in B).
As an example, in the embedding at the upper left of 
Characterizations of Parallel and Orthogonal BVGMs
In [121 Tamassia and Tallis show that a planar graph G admits a parallel BVG layout on the cylinder if and only if its block-cutpoint tree is a caterpillar. In this section we give an analogue of that result for parallel BVG layouts on the Mobius band. Now that we have established an algorithm for 2-connected graphs, the remaining results of [12J generalize quite straightforwardly (d [2j) . One can also consider BVGMs with bars orthogonal to the axis of the band. It is easy to show that these are equivalent to the polar and circular visibility graphs (abbreviated PVGs and CVGs) that are characterized by Hutchinson in [7J. These are graphs with vertices represented by circular arcs in the projective plane. In CVGs arcs are permitted to be complete circles, while in PVGs they are not. There is a reversible transformation taking CVGs and PVGs to orthogonal BVGMs, yielding the following equivalences. Characterizations of CVGs and BVGs, hence also of orthogonal BVGMs, can be found in [7J. It would be interesting to find applications of visibility representations on the Mobius band in VLSI design or elsewhere, since the class of BVGMPs includes the class of BVGCPs. It should also be possible to extend these methods to higher-genus, non-orientable surfaces. Another visibility class that has been stu died is rectangle-visibility graphs (RVGs), in which vertices are represented by rectangles, and edges by visibility in both the vertical and horizontal directions. While a number of papers have been published on RVGs in the plane [3, 4, 8] ' very little has been done on RVGs on higher-genus surfaces. Hutchinson and the author [5] have obtained edge-bounds for RVGs on the cylinder and torus.
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